INVARIANT METRICS AND LAPLACIANS ON SIEGEL-JACOBI DISK 



JAE-HYUN YANG 



Abstract. Let Dn be the generalized unit disk of degree n. In this paper, we find 
Riemannian metrics on the Siegel-Jacobi disk D„ x C^*"'"^ which are invariant under the 
natural action of the Jacobi group explicitly and also compute the Laplacians of these 
invariant metrics explicitly. These are expressed in terms of the trace form. We give a 
brief remark on the theory of harmonic analysis on the Siegel-Jacobi disk Dn x C'™'"'. 



1. Introduction 

For a given fixed positive integer n, we let 

E[„ = { 17 G C^"'") I 17 = Imf7>0} 
be the Siegel upper half plane of degree n and let 

Sp{n,R) ={M £ ]R(2«.2n) I tj^j^M = Jn} 

be the symplectic group of degree n, where 



Jn 



/„ 

-In 



We see that Sp{n,M.) acts on HI-j^ transitively by 

(1.1) M ■n = {An + B){cn + D)-\ 

where M = (^^ ^ e Sp{n, M) and n € ]HI„. 

For two positive integers n and m, we consider the Heisenberg group 

H^'"^^ = { (A, /u; I A, ^ e m(™'"\ k e m(™'™), k + /i*A symmetric } 
endowed with the following multiplication law 

(A,//; k) o (A',/x'; k) = {X + X',i_i + jj.'; k + k' + A V - 
We define the semidirect product of Sp{n, R) and H^'™'^ 

:=5p(n,M) Ki^i"'") 
endowed with the following multiplication law 

[m, (A, k)) • [m\ (A', /x'; k')) = [mM\ (A + A', /I + ^u'; k + k' + A V - *A') 
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with M,M' G Sp{n,R),{X,n;K), (A',/^';^') G if^"'™^ and (A,/i) = (A,^)M'. We call this 
group G"^ the Jacobi group of degree n and index m. Then we get the natural action of G"^ 
on M„ X C^"^'") (cf. [1-2], [7-9], [14]) defined by 

(1.2) (^M, (A, n; k)^ • (0, Z) = (^M ■n,{Z + Xn + /i)(GO + D)-i) , 

where M = (^^ G 5p(n,M), (A,/x;k) G iji"'""^ and (J^, Z) G H„ x C^"^'"). We note 

that the action (1.2) is transitive. 

For brevity, we write Iln,m '■= x C*^'"'"). For a coordinate {0.,Z) G M.n,m with Q, = 
(w^^) G M„ and Z = (^^0 g'c("^'"), we put 

= X -I- zy, X = (x^^), y = (y^^) real, 

Z = U + iV, U = (uki), V = (vki) real, 

dZ = {dzki), dZ = {dzki), 

d _ / 1 + v d \ a ^ n + v d 

d a \ / d d \ 



d_ 
dZ 



dzii ■ ■ ■ dZml 

a a 



_d_ 

dz 



dz\\ ' ' ' dZml 

a a 



where 5ij denotes the Kroncckcr delta symbol. 



C. L. Siegel [6] introduced the symplectic metric ds^ on invariant under the action 
(1.1) of Sp{n,M) given by 

(1.3) dsl = a(Y-^dQY-^(m^ 

and H. Maass [4] proved that the difi^erential operator 

(1-4) A„=4.fy*fyA^ J_ 



is the Laplacian of H^j for the symplectic metric ds^. Here ct{A) denotes the trace of a 
square matrix A. 

In [11], the author proved the following theorems. 
Theorem A. For any two positive real numbers A and B, the following metric 

dslm;A,B = ^ ^ (y-^dQ y-^dJl) 

(1.5) +B !^a(Y-^^VVY-^dnY-^dltj + a(Y-^\dZ)dZ^ 

-a(vY-^dnY-^\dZ)^ - a(vY-^dnY-^\dZ)^^ 
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is a Riemannian metric on H^^^ which is invariant under the action (1-2) of the Jacobi 
group 

Theorem B. For any two positive real numbers A and B, the Laplacian An,m;A,B of 

d \ d \ , V_ d \ d 



Let 

= SU{n, n) n Sp{n, C) 

be the symplectic group and let 

D„ = jvF G C^*"'") \W =^W, In- WW > } 
be the generahzed unit disk. Then acts on ID^ transitively by 



^ ^j.W = {PW + Q){QW + Pr\ 

where G G* and G ]D)„. Using the Cay ley transform of B„ onto EI^, we can see 

(cf. [6]) that 

(1.7) dsl = Aa{{In - WWy^dW {In - WWy^dW^ 

is a G*-invariant Kahler metric on U^j and H. Maass [4] showed that its Laplacian is given 

by 

(1.8) A, = a ({In - WW)' ({In - WW)^^ ^ 



dw J dW 



Let 



be the Jacobi group with the following multiplication 

'P Q\ (P^ Q[ 
O P \q' P' 



where ^ = ^P' + ^Q' and ^ = £,Q' + ^ P' . Then we have the canonical action of Gjf on the 
Siegel- Jacobi disk D„ x C^'"'") (see (2.6)) given by 

(L9) (^(^^ fj,{C,^;in)y{W,r]) = (^{PW+Q){QW+Pr\{vHW+0{QW+P)-'), 
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where G D„ and r/ G C^™'"). 

For brevity, we write 0„,m := x C^™-'"^. For a coordinate (VF, ??) G ^n,m with Vl^ = 
(it^,.^/) G B„ and 77 = (m) e C^'"''^), we put 



and 





dW 


= (dw^u), dW 






drj 


= {dm 


), dr? = 






^ + 5/.^ 




-H 






V 2 






V 2 ^^i, J ' 




/-^ 


d \ 




^11 ■ ■ ■ &nmi 


dri 




9 ; 
dr]mn ' 


' dr] 


i ^ ^ J 









In this paper, we find the G;f-invariant Riemannian metrics on I]>n,m and their Laplacians. 
In fact, we prove the fohowing theorems. 

Theorem 1.1. For any two positive real numbers A and B, the following metric ds^ ^ 
defined by 

dsl,m;A,B = ^ Aa{{In - WW)-' dW {1^ -WW)'^ dw) 
+ ABi^a({In-WW)-'\dr])dfi^ 

+ a({r]W -ri){In - WW)-'dW{In-WW)-'\aq)^ 
+ a({r]W - r]){In - WW)-'dW{In - WW)'' \dr])^ 
-a[{In - WW)-' ^VV{In - WW)-'WdW{In - WW)-'dW^ 
-a(w{In - WW)-' ^rjr] (7„ - WW)-'dW{In - WW)-'dW^ 
+ a(^{In - WW)-'^r]r]{In - WW)-'dW{In -WW)-'dW^ 
+ (j(^{In - W)-' *fjr]W{In - WW)-'dW{In - WW)-'dW^ 
+ a({In - W)-\ln - W){In - WW)-' 'rjv {In - WW)-' 

X {In - W){In - W)-'dW{In - WW)-' (M^ 
-a {{In - WW)-' {In - W){In - W)-' 'fj T] {In - W)-' 

X dW{In - WW)-'dW^ I 

is a Riemannian metric on ]D)n,m which is invariant under the action (1-9) of the Jacobi 
group G^. 
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We note that if n = m = 1 and A = B = 1, we get 

1 2 _ dWdW 1 ^ 

(l + |iy|2)|^|2_TFr/^_H.^2 

(1_|VF|2)3 

Theorem 1.2. For any two positive real numbers A and B, the Laplacian A.n^rn;A,B of 
{Bn,m, dsl^m;A,B) diven by 



An,m;A,B = -r <^ a (/„ - W) M (/„ - W) -= 



dfj J dW 

+ a((^-,Tr)*((/.-W)A)|. 



+ a(r/(/„-M/W^)-i*r?*( {In -WW) ^ 



+ a{ riWW{In-WW)-''^r)H (In-WW)-^ 



dfj J dr) 

d\ — 

g-J {In ^ " ' 



1 d ,( d 



W^e note that if n = m = 1 and A = B = 1, we get 

AiMi = (l-\W\A'—^ + (l-\W\'')^ 

52 / _\ 52 



+ (1 - r|2)(, -vW)^+{l-\W\^){fJ-r,w)^^ 
(Wv' + Wf)-^+[l + \W\')\vf 



The main ingredients for the proof of Theorem 1.1 and Theorem 1.2 are the partial Cayley 
transform, Theorem A and Theorem B. The paper is organized as fohows. In Section 2, 
we review the partial Cayley transform that was dealt with in [12]. In Section 3, we prove 
Theorem 1.1. In Section 4, we prove Theorem 1.2. In the final section we briefly remark 
the theory of harmonic analysis on the Siegel-Jacobi disk. 
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Notations : We denote by M and C the field of real numbers, and the field of complex 
numbers respectively. The symbol ":=" means that the expression on the right is the 
definition of that on the left. For two positive integers k and I, i^C^'') denotes the set of 
all A; X / matrices with entries in a commutative ring F. For a square matrix A G F^^'^) 
of degree k, cr{A) denotes the trace of A. For O G Mg, ReQ (resp. Imfi) denotes the real 
{resp. imaginary) part of Q. For any M G F^'^'''\ *M denotes the transpose matrix of M. 
For a matrix A G F^'^^'^^ and B G F^'^'''\ we write A[B] = *BAB. In denotes the identity 
matrix of degree n. 



2. The partial Cayley transform 



In this section, we review the partial Cayley transform [12] of Bn,m onto needed for 
the proof of Theorem 1.1 and Theorem 1.2. 

We can identify an element g = (M, (A, /x; k)) of G"^, M = G Sp{n, M) with the 

element 



(A 





B A 


^li-B*X\ 


A 


Im 


IJ- 


K 


C 





D C 












Im J 










* — 


T2 







of Sp{m + n, ] 
We set 



We now consider the group defined by 

Gi := T-'G^n. 

Ifg= (M, (A, n; k)) G G"^ with M = ^ e Sp{n, M), then T'^gT^ is given by 

(2.1) r-'sr. = , 

where 



P* = 



;(A + i/x) 



i{Q*(A + i^)-P*(A-zM)} 



2(A-i//) 
and P, Q are given by the formulas 



Q ^{P\\-in)-Q\\ + in)} 



(2.2) 

and 

(2.3) 



P = ^{{A + D)+i{B-G)} 



Q=-{{A-D)-i{B + C)} 
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From now on, we write 



In other words, we have the relation 



Let 



4"'-) := { , r/ ; C) U, r? G C^™'") , C € C^^'-) ,C + v'C symmetric } 
be the complex Heisenberg group endowed with the following multiplication 

^ ; C) o (^', v'; C) ■■={C + C',v + v';C + C + ^W-ri V))- 

We define the semidirect product 

5L(2n,C) K/f^T'"^) 
endowed with the following multiplication 

'r ?)-«-''^«)-((^ i'^ACi'.C)) 
= {{r ?).(5 + ?'.* + .';C + C' + «V-^'0). 

where ^ = ^P' + rjR' and fj = (Q' + rjS'. 
If we identify H^'^^ with the subgroup 

of H^'"^\ we have the following inclusion 

Gi C SU{n,n) k c 5L(2n,C) k H^^^"'^ 

We define the mapping : G'^ — > G^ by 

(2.4) q((^ ^y(A,M;^)V= ff^ SVf^(A + ^/^), J(A-^/.);-^ 



where P and Q are given by (2.2) and (2.3). We can see that if 51,52 € G^ , then 6(5152) 
6(51)6(52). 

According to [10], p. 250, Gjf is of the Harish-Chandra type (cf. [5], p. 118). Let 



(A,/x; k) 



be an element of . Since the Harish-Chandra decomposition of an element ^ 
SU (n, n) is given by 

'P Q\_(ln QS~^\ fP-QS-^R 0\ f In 



R S ) \0 In I \ Sj \S-'R Ir 
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the P^-component of the following element 



of SL{2n, C) K H^'"^^ is given by 



(2.5) (^^'' + «(«"' + ^)-'),(0,(, + AW' + ,)(5l^ + P)-;0)). 

We can identify On^m with the subset 

{ (Co in) ' ^"'"^'^O K ^ ^ ^ ^^"'"^ } 

of the complexification of G^. Indeed, 'Bn,m is embedded into P+ given by 

P+ = I ((^Q 51) ' ^°'^'°)) I ^ = e ?7 € C(-'-) I . 

This is a generalization of the Harish-Cliandra embedding (cf. [5], p. 119). Then we get the 
canonical transitive action of G{ on ^n,m defined by 

(2.6) ((I ^y{c,l,iK)y{w,v) = (^{PW+Q){m+Pr\{vHW+UQw+P)-'), 

where (^^ G G*, ^ e C^'"''*), k G R^"^''") and (W,r/) G D„,^. 

The author [12] proved that the action (1.2) of G on Blfi^jTi is compatible with the action 

(2.6) of G^ on B>n,m through the partial Cayley transform $ : Iin,m — * ^n,m defined by 

(2.7) $(VF,r/) := (^i{L^^ + W){In - W)-\ 2 i r? (/„ - VF)-i) . 

In other words, if go G G"^ and {W, rj) G B>n.m, 

(2.8) go-HW,7i) = ^g.-{W,v)), 

where g^ = T^^goT^,. $ is a biholomorphic mapping of Dn,m onto Mn^m which gives the 
partially bounded realization of Mn^m by On,™- The inverse of # is 

^-\n,z) = (^{n - iin){n + iin)-\ z{n + iin)-^y 

3. Proof of Theorem 1.1 

For {W, rj) G I^n.mi we write 

(0,Z) ■.= ^iW,r]). 

Thus 

(3.1) n = i{In + W){In-W)-\ Z = 2iljiIn-W)-\ 

Since 

diln - W)-^ = (In - Wr^dW {In - W)'^ 

and 

In + {In + W){In - W)-^ = 2 (I„ - W)-\ 
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we get the following formulas from (3.1) 

1 

2i 
1 



(3.2) Y = ^{n-n) = iin-w)-\in-ww)iin-w)-\ 



(3.3) V = ^{Z-Z)=r){In-W)-^+f}{In-W)-\ 

(3.4) = 2i{In-W)~^dW{In-W)~^, 

(3.5) dZ = 2ii^dri + r){In-W)-^dwYln-W)-'^. 

According to the formulas (3.2) and (3.4), we obtain 

(3.6) a(Y-^dnY-^dIl^ =Aa(j^In-WW)-^dW{In-WW)-^dWy 

From the formulas (3.2)-(3.4), we get 

(3.7) a(Y~^^VVY-^dnY-^dU^ = (a) + (b) + (c) + (d), 
where 

(a): = Aa(^{In-WW)-^'riv{In-WW)-\ln-W){In-W)-^ 

X dw {In -wwy^dwy 

(6): = 4a(^{In-WWy^^r]f]{In-WW)-^dW{In-WW)-^dW ), 
(c): = Aa(^{In-W)-\ln-W){In-WW)-^'rjv{In-WW)-^ 

X {In -w){in- wy^dw {In - Wwy^dW^ 

{d): = Aa(^{In-Wr\ln-W){In-WWr''r]r]{In-WW)-^ 
xdW {In-WW)-^dWy 

According to the formulas (3.2) and (3.5), wc get 

(3.8) a(Y-' \dZ) dz) = (e) + (/) + {g) = {h) 
where 





a(Y- 


(e): 


= 4a((I„ 


(/): 


= 4(7((/„ 


(5): 


= 4a((/„ 


{h): 


= 4a((I„ 



WW \dr]) r]{In-W y^dW 
WW)-^ dW {In - W)-^ ^r]r}{In -Wy^dWy 

Prom the formulas (3.2)-(3.5), we get 
(3.9) -a(vY-^dnY-^\dZ)^ = (i) + (j) + {k) + (0, 
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where 

{i): = -4a(^r]iIn-W)-\ln-W){In-WW)-^dW{In-WW)-^\dj])y 
ij): = -4a(^{In-W)-^'r}v{In-Wy\ln-W){In-WWr^ 

X dw {In -wwy'^dwy 

(k): = -Aa(^r]{In-WW)-^dW{In-WW)-^\dj})y 
{I): = -Aa(^{In-W)-^^r}r}{In-WW)-'^dW{In-WW)-^dWy 

Conjugating the formula (3.9), wc get 

(3.10) -a(vY-^dnY-^\dZ)^ = (m) + (n) + (o) + (p), 
where 

(m): = -4a(f}{In-W)-\ln-W){In-WW)-^dW{In-WW)-^\dri)y 
(n): = -4a(^{In-W)-^'rjv{In-W)-\ln-W){In-WW)-^ 

xdW{In-WW)-^dWy 
(o): = -4a(^ri{In-WW)-^dW{In-WW)-^\drj)y 
(p): = -4a(^{In-W)-^*riT]{In-WW)-^dWiIn-WW)-^dWy 

If we add the formulas (/), (i) and {k), we get 

(3.11) (/) + (i) + (A;) = ia(^irjW -rj){In-WW)-UW{In-WW)-^\drj)'). 
Indeed, transposing the matrix inside the formula (/), we can express the formula (/) as 

(/) = Aa(^ri{In-W)-UWiIn-WW)-^\dr})^ 

and adding the formulas (/) and {i) together with the formula (k), we get the formula (3.11) 
because 

(/„ - W)-^ - {In - W)-\ln -W){In - WW)'^ 

= {In - W)-^[{In - WW) - {In -W)]{In - WW)'^ 

= {In-W)-\ln-W)W{In-WW)-^ 
= W{In-WW)-^. 

If we add the formulas {g), (m) and (o), we get 

(3.12) {g) + {m) + {o) = Aa(^{f]W-7]){In-WW)-UW{In-WW)-^\dri)y 
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Indeed, we can express the formula (g) as 

{g) = 4a{r){In-W)-'dW{In-WW)-'\dri)) 

and adding the formulas (g) and (m) together with the formula (o), wc get the formula 

(3.12) because 

{In-W)-' -{In-W)-\ln-W){In-W W)'^ 

= {i„-wr'{{in- WW) - {In - w) } (4 - wwy' 

= iIn-W)-\ln-W)WiIn-WW)-^ 
= W{In-WW)-^. 

If we add the formulas (a) and (p), we get 

(3.13) (a) + (p) = -4a(^{In-WW)-^'ijij{In-WW)-^W 

X dW{In-WW)-'^dWy 

Indeed, transposing the matrix inside the formula (p), we can express the formula {p) as 

{p) = -4a((/„ - WW)-^ ^VV{In - W)-^dW {In - WW)'^ dW^ 
and adding the formulas (a) and {p), we get the formula (3.13) because 

(/„ -WW)-\ln -W){In- W)-^ - {In - W)'^ 
= {In-WW)-^[{In-W) - {In -WW)} {In - W)'^ 

= {In -WW)-\-W){In - W){In - W)'^ 
= -{In-WW)'^W. 

Adding the formulas {d) and {I), we get 

(3.14) {d) + {l) = -4a(w{In-WW)-^*fjfj{In-WW)-^ 

xdW {In-WW)-^dW^ 



because 



{In -W)-\ln - W){In -WW)'^ -{In'W)'^ 

= {In - W )-!{(/„ -W)- {In-WW)Yln - WW)'^ 

= {In-W)-\ln-W){-W){In-WW)-^ 
= -W{In-WW)-^. 



Adding the formulas {h) and (j), we get 
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(3.15) {h) + {j) = ia(^iIn-W)-^'rjr)W{In-WW)-^ 

xdW{In-WW)-'^dWy 

Indeed, transposing the matrix inside the formula (h), we can express the formula (h) as 
(h) = 4a(^{In-W)-^'f}r){In-W)-^dW{In-WW)-WW^ 
and adding the formulas {h) and (j), we get the formula (3.15) because 

(/„ - W)-' - {In - W)-\ln -W){In- WW 

= {In - W)-^[{In - WW) - {In -W)]{In - WW)'^ 

= {In-W)-\ln-W)W{In-WWr^ 
= W{In-WW)~^. 

Transposing the matrix inside the formula (ra) , we get 

(3.16) (n) = -Aa(^{In-WW)-\ln-W){In-W)-^'r}ri{In-W)-^ 

xdW {In-WW)~'^dWy 

Prom the formulas (3.7)-(3.16), we obtain 



a(Y-^^VVY-^dnY-^dn^ + a(Y-^\dZ)dZ^ 

-a(vY-^dnY-^\d'Z)^ - a(vY-^dnY-^\dZ)^ 
= (a) + (6) + (c) + (d) + • • • + (m) + {n) + (o) + {p) 
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+ Aa({r]W - r}){In - WW)'^ dW {In - WW)'^ \djj)^ 
+ 4a(^{rjW - r)){In - WW)-^dW{In - WW)''^ \drj) ) 
-4a(^{In - WWy^ ^vv{In - WW)-^WdW{In - WW)-^dW^ 
- 4a(w{In - WW)-^ ^rjrj {In - WW)-^dW{In - WWy^dW^ 
+ 4a(^{In - WWy^^rjfj {In - WW)-'^dW{In - Wwy^dW^ 
+ 4a(^{In-W)-^*r]r]W{In - WW)-^dW{In -WWy^dW^ 

+ 4(7((/„ - Wr\ln - W){In - WW)-^ 'fjV {In - WW)'^ 
X {In - W){In - W)-^dW{In - WW)-^dW^ 

-Aa({In - WW)-^{In - W){In " W)-^ *r/r/ (/„ - 
xdW{In-WW)-^dWy 

Consequently the complete proof follows from the above formula, the formula (3.6), 
Theorem A and the fact that the action (1.2) of G"^ on ]HI„^^ is compatible with the action 
(2.6) of G{ on I]>n,m through the partial Cayley transform. □ 



4. Proof of Theorem 1.2 

From the formulas (3.1), (3.4) and (3.5), we get 

and 

We need the following lemma for the proof of Theorem 1.2. H. Maass [3] observed the 
following useful fact. 

Lemma 4.1. (a) Let ^ be an m x matrix and B an nxl matrix. Assume that the entries 
of A commute with the entries of B. Then ^{AB) = *B *A. 

(b) Let A, B and C be a A; x Z, an n x m and an m x Z matrix respectively. Assume that 
the entries of A commute with the entries of B. Then 



\A \BC)) = B \A *C). 
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Proof. The proof follows immediately from the direct computation. □ 
Prom the formulas (3.2), (4.1) and Lemma 4.1, we get the following formula 

(4.3) 4a *(^^) 1^ ) = («) + (/^) + (^) + (^)' 

where 

d \ d 



(a): = al^{In-WWyl^{In-WW)^^ 
iP): = -a(r,{In-Wr'iIn-WWy({In-WW)^^ ^ 



dW 



dWj d7]J ' 

(7): = -a{{In-WW){In-Wyv'{-p\{In-WW) ^ 



dfj J dW J ' 

{6): = o{v{In-W)-\ln-WW){In-W)-^'r]'(^^ {In-WW)^ 



According to the formulas (3.2) and (4.2), we get 



Prom the formulas (3.2), (3.3) and (4. 2), we get 



(4.5) Aa [ VY~^'V'[Yj=\ ^ ) = (e) + (C) + {v) + (^), 



(e): = a[rj{In-WW)-^'r]H^{In-WW)^ 



(C): = a(77(/„- W)-i*7?*(|:V/„- W)^), 



(r?): = a[ri{In-W)-\ln-W){In-WW)-^'riH^{In-WW)^ 



where 

^of] J or] J 

' d\ — d 

c^rj) ^'^'^ dr] 
Using the formulas (3.2), (3.3), (4.1), (4.2) and Lemma 4.1, we get 

(4.6) 4a {y'{y§^ §z) = + ^''^ + + 



{9): = a{rjiIn-Wr\ln-W)iIn-WWyrj'{-pi{In-WW)-^ 



where 
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(k): = a[r,{In-W)-\ln-Wy(iIn-WW)4f,^ ^ 



(A): = -a(rj{In-Wyrj'(-pl{In-WW)-^], 



(/x): = -a{rj{Ir,-Wyfj^-^)iIn-WW)-^\. 



dwj drij ' 

Using the formulas (3.2), (3.3), (4.1), (4.2) and Lemma 4.1, we get 
(4.7) 4.(v'(fA)|.)=m + (5) + („) + W, 



where 



df] J dW J ' 

(0: = ai{In-W){In-Wyf}'(-^){In-WW)-^ 



dfj J dW J ' 



(o): = -a{r,{In-WyvH^){In-WW)-^ 



(fq / or] 



(tt): = -a^viln-Wr^^fj^^-jiln-WWy^^j. 
Adding the formulas (7), (u) and (^), we get 
(4.8) (7) + {t^) + {0 = <^(\v-fjW)' {In - WW)- ^ 



dfj J dW 



because 



-{In - WW){In -W)-' + {In - W){In - W )" 
= -W{In-W){In-W)-^ = -W. 

Adding the formulas (/3), (i) and (k), we get 
(4.9) (/?) + (0 + {K) = a (^{rj -^W)' (^(7„ - WW)^^ ^ 

because 

-(/„ - W)-\ln - WW) + {In - W)-^{In-W\ 
= -{In - W)-\ln - W)W = -W. 
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If we add the formulas (rj) and (o), we get 

(4.10) (r?) + (o)= -a(^riW{In-WW)-^'ri'(^-^^iIn-WW)-^ 
because 

{In - Wr\ln -W)iln - WW - (/„ - W)'' 
= {In - W)-^[ln - W - (4 - W)} (4 - WW)-' 

= {In-W)-\ln-W){-W){In-WWr' 
= -W{In-WW)-'. 

If we add the formulas {6) and (/x), we get 

(4.11) {e) + {fi)= -a(^riW{In-WW)-''r]'(^-^^{In-WW)^ 
because 

{In-W)-\ln - W){In-WW)-' - {I^-W)-' 

= {In-W)-'[ln-W - {In " W)}(/n " W)"' 

= {In-W)-\ln-W){-W){In-WW)-' 
= ~W{In-WW)-'. 

If we add the formulas {5), (e), (A) and (tt), we get 

(4.12) (5) + (e) + (A) + (tt) = (T(^WW{In-WWyri'(^^ (In - 



because 



{In - W)-\ln - WW){In - W + {In - WW)'' 
-{In-W)-' -{In-W)-' 

= {In - Wy^[{In - WW) - {In " W )}(/„- TF )-^ 

+ {In-WW)-' -{In-W)-' 
= W{In-W)-' + {In-WW)-' -{In-W)-' 
= -{I^-W){In-W)-' + {In-WW)-' 
= -In + {In -WW)-' 

= [-{In-WW) + In}{In-WW)-' 
= WW{In-WW)-'. 
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From the formulas (4.3) and (4.5)-(4.12), we obtain 

V \ dVt) ) \ \ dzj dZ 

= (a) + (/?) + (7) + (5) + . . . + (i.) + (0 + (o) + (tt) 



dfj J dW 



O — t \ I'' / o 

a ( W{In - WWy' ' (^) {In - WW)-^ 

+ a { fj{In - WWr'V(-^) (In-WW)-^ 



dfj J drj 



df] J drj 

Consequently the complete proof follows from the formula (4.4), the above formula, 
Theorem B and the fact that the action (1.2) of G"^ on H„_^ is compatible with the action 
(2.6) of G'l on I]>n,m through the partial Cayley transform. □ 

Remark 4.1. We proved in [11] that the following two differential operators D and L := 
\ An,m;i,i - -D On EI„,^ defined by 

V dz \dz 

and 

V \ dvt) d^j V \ dz) dz 

V V dnjdzj^ \ V dzjdn 

are invariant under the action (1.2) of G'^ . By the formula (4.4) and the proof of Theorem 
1.2, we see that the following differential operators D and L := An^rn;i,i on B)n,m defined by 

D=.((7,-W.r)|'(| 
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and 



L = a{{In-WW)'[{In-WW)^^ ^ 



dW J dW 
+ a(\ri-fjW)'(^]{In-WW) ^ 



drjj ^ " 'dW 

+ .((,-,T^)*((i„-w)^)|) 

- a (r]W{In - WW)-^ 'v'(-^) {In - WW) ^ 



dfj J dri 
a ( fjWiln - WW)-' 'vH-iz] {In - WW)-^ 



dfj J dri 

+ a{r]{In-WW)-'V{-^) {In-WW)^^ 



dfj J drj 
+ a ( rjWW{In -WW)-'^r} ^ ( {In-WW)-^ 



dffj J drj 

are invariant under the action (2.6) of Gl- Indeed it is very complicated and difficult at this 
moment to express the generators of the algebra of all Gjf-invariant differential operators on 
'^n,m explicitly. We propose an open problem to find other explicit Gf-invariant differential 
operators on 'Un,m- 



5. Remark on Harmonic Analysis on Siegel-Jacobi Disk 

It might be interesting to develop the theory of harmonic analysis on the Siegel-Jacobi 
disk Iin,m- The theory of harmonic analysis on the generalized unit disk D„ can be done 
explicitly by the work of Harish-Chandra because D„ is a symmetric space. However the 
Siegel-Jacobi disk D^^^ is not a symmetric space. The work for developing the theory 
of harmonic analysis on ID)n,m explicitly is complicated and difficult at this moment. We 
observe that this work on 'Un,m generalizes the work on the generalized unit disk ]D)„. 

More precisely, if we put G* = SU{n, n) fl Sp{n, C), then the Jacobi group 

acts on the Siegel-Jacobi disk Dn,m transitively via the transformation behavior (1.9). It is 
easily seen that the stabilizer of the action (1.9) at the base point (0,0) is given by 



P G U{n), K G 



!> {m,m) 



Therefore G^/K^ is biholomorphic to B„^^ via the correspondence 

gK^^g- (0,0), g€Gi. 
We observe that the Siegel-Jacobi disk ID)n,m is not a reductive symmetric space. 
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We let 



Sp{n, Z) K H. 



(n.rn) 



where Sp{n, Z) is the Siegel modular group of degree n and 



H, 



(n,m) 



I (A, k) G H^'"^^ I \,ji,K are integral | . 



We set 



■p* , rp — 1t-\ rp 

^ n.m ■ — ^* J-n.m-'*) 



where was already defined in Section 2. Clearly the arithmetic subgroup F* „j acts on 
^n,m properly continuously. Wc can describe a fundamental domain T*^ „^ for F* jy^SPn,m 
explicitly using the partial Cayley transform and a fundamental domain J~ri.m f*^^ '^n.niS^n^m 
which is described explicitly in [13]. The G;f-invariant metric dsn,m;A,B on Dn,m induces 
a metric on J^* ,^ naturally. It may be intersting to investigate the spectral theory of the 

Laplacian A.n^rn;A,B on a fundamental domain J^n,m- this work is very complicated and 
difficult at this moment. 

For instance, we consider the case n = m = 1 and A = B = 1. In this case 



P 



p,9,^ec, \p\^-\q\^ = i, KE 



and 



,(0,0; m) \p£C, \p\ = l, K£ 



t^si, 1:1,1 is a G^-invariant Ricmannian metric on Dij = IDi xC (cf. Theorem 1.1) and Ai^i;i^i 
is its Laplacian. It is well known that the theory of harmonic analysis on the unit disk Di 
has been well developed exphcitly (cf. [3], pp. 29-72). I think that so far nobody has not 
investigated the theory of harmonic analysis on Di^i explicitly. For example, inversion for- 
mula, Planchercl formula, Paley- Wiener theorem on Bi^i have not been described explicitly 
until now. It seems that it is interesting to develop the theory of harmonic analysis on the 
Siegel-Jacobi disk Bi^i explicitly. 
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